The propagation of natural waves in a cylindrical shell (elastic or viscoelastic) that is in contact with a viscous liquid is considered. The problem reduces to solving spectral problems with a complex incoming parameter. The system of ordinary differential equations is solved numerically, using the method of orthogonal rotation of Godunov with a combination of the Muller method. The dissipative processes in the mechanical system are investigated. A mechanical effect is obtained that describes the intensive flow of mechanical energy.
Introduction
Quantitative data and some qualitative analysis of the dispersion properties of normal waves in a cylinder with a liquid were carried out in [1] [2] [3] [4] . In [5] [6] [7] [8], data were obtained for cylinders filled with a liquid of solid and soft materials. It is studied in a rather wide range of frequencies and wave numbers. The effect of the wall thickness of the cylinder on the dispersion properties of normal waves in the range of variation of the relative internal radiation is from 0.3 to 0.99 [9] [10] . This article focuses on the dynamic behavior of a cylindrical shell (elastic or viscoelastic), which contains a viscous liquid. The problem of wave propagation in a filled or submerged liquid with a cylindrical shell is of great practical importance. The phenomenon of undulating fluid motion in elas-I. I. Safarov et al. tic cylindrical shells has attracted the attention of many researchers [11] - [16] . In these papers, wave processes in an elastic cylindrical shell containing an ideal fluid are considered. Also, the refined classical shell equations, the average fluid flow (or gas) density, the influence of radial and longitudinal inertia forces are used. In [17] [18] [19] , the laws of wave processes in an elastic shell with a viscous fluid are analyzed in the model of linear equations of hydrodynamics of a viscous compressible fluid. Unlike other systems, a cylindrical shell (elastic or viscoelastic) and liquid (ideal or viscous) are considered as an inhomogeneous dissipative mechanical system [20] [21] [22] .
Statement of the Problem
An infinite length of deformable (viscoelastic) cylindrical shell of radius R with constant thickness 0 h , density 0 ρ , Poisson's ratio 0 ν , filled with a viscous fluid with density at equilibrium. Fluctuations of a shell under a load, the density of which is denoted p 1 , p 2 , p n respectively, can be described by following [11] [12]
[14], equations: relaxation; 0 L -instantaneous modulus of elasticity. The amplitudes of the oscillations are considered small, which allows you to record the basic relations in the framework of the linear theory. The system of linear equations of motion of a viscous barotropic liquid can be written as [22] : 
where, for shell Kirchhoff-Love ( )
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Expanding Equation (2) and (3) 
Let the wave process is periodic in z and fades over time, then is given a real wave number k, and the complex frequency is the desired characteristic value.
Solution of (2) -(6) for the major unknowns satisfying constraints imposed above the dependence on time and coordinates z, should be sought in the form [24] ( ) 
where In this way С, k, ω it is well-known real and complex spectral parameters of the type of problem.
To elucidate their physical meaning consider two cases: 
where vectors c n Y are their own form of the problem of natural oscillations, normalized so that the spatial Fourier spectrum of the initial disturbance
Similarly, the main vector of unknowns y Y boundary value problem is calculated according to the expression
where y k Y forms steady-state oscillation, the linear combination of which should form a Fourier spectrum given boundary perturbation
,
Obviously, the solutions (8) and (9) have a meaning only when there are (10) and (11) . So, there are four possible variants of steady motions, which are discussed below, and established their own systems fluctuations shell-fluid inside and outside the sheath liquid [25] . Substituting the solution (7) in the system of differential Equations (2) - (6) we obtain a system of ordinary differential equations with complex coefficients, which is solved by Godunov's orthogonal sweep method with a combination of method of Muller [26] in the complex arithmetic.
Torsional Vibrations
After performing in (5) the change of variables (7) 
The solution of Equation (13) is limited at r = 0 has the form
where J 1 -Bessel function of the first order, and A is an arbitrary constant. Given the immobility of the shell, we obtain the dispersion equation
from whence ( )
in the case of natural oscillations and
in the case of steady-state oscillations. Here, through the Г n marked the roots of Bessel functions assigned to R. As it can be seen from (15), (16) own motion aperiodicity always on time, with the anchor points are fixed (the phase velocity С 0 = 0), while the steady motion are oscillatory in nature, as the nodal point move at the speed of С у , a monotonically increasing from zero to indefinitely with an increase in viscosity or ν * . These characteristic features of the motion of a viscous medium will appear in the following more complex example.
Let us now consider the relation (12) in the case of the internal arrangement of the liquid. This problem can be solved in the same way using special features and have a dispersion equation
which was first obtained in A. Guz [22] . Here we have introduced new designa- 
the root of which, for example, in the case of steady-state oscillations is given by
The physical interpretation of (18) is provided below. Consider now the situation when z is large enough, which corresponds to a high-frequency vibrations and low viscosity. In this case the asymptotic formulas for the Bessel functions have the form
On the basis of (20) and (21) it is easy to show that for sufficiently large positive imaginary part z: 
where, in the pursuit of the viscosity v * to zero (and also tends ω to infinity),
we have a trivial result 0 k ω → , which was obtained at low ω from Equation (20) . Equation (22) when an unacceptably high viscosities. In this case, the phase velocity C unlimited increases with ω. This example shows inconsistencies of various asymptotic estimates in the mid-frequency vibrations. Thus, the analysis of wave processes asymptotic methods in the first approximation is not possible to establish the limits of applicability of formulas and calculations to estimate the error. In this paper for solving spectral problems using a direct numerical integration of permitting relations of the type (12) by the method of orthogonal shooting in complex arithmetic. This approach avoids the above difficulties associated with the calculation of Bessel functions of complex argument. Another advantage is due to the specificity of the orthogonal sweep method, which is due to the procedure orthonormality can solve highly rigid system with a boundary layer. As a result of a numerical study has found that the problem of natural oscillations (12) admits no more than one complex value ω, corresponding vibrations of the shell together with the adjacent liquid layers to it. The rest found the Eigen values appeared purely imaginary. They correspond to a periodic motion 
Numerical Results
Consider the case of natural oscillations, when the shell is filled with liquid. In Figures 1-9 and Figure for values k equal to 1 and 8, respectively. It is easy to notice the difference in the behavior characteristic of the dispersion curves 1.2 and 3.4. In the last two cases, there is a wave number since a variable with only takes purely imaginary values corresponding to a periodic motion of the system. For curves 1.2 with less viscosity real part of the Eigen values Reω nonzero at all wave numbers and the damping rate has a finite limit at infinity. The greater the viscosity, the earlier start a periodic traffic (curves 3, 4) and the higher limit of the damping rate 
has the form. Choosing a linear function as the basis
and after substituting (24) into (23) and the standard procedure, we obtain where the parameters β and a 0 are expressed in terms of the polar moments of inertia of the shell I 1 and liquid I 0 as follows 
The solution of (25) is represented in the form
where the following relations satisfy ( )
Taking into account the relation I 1 /I 0 = 4h, it is easy to see that Equation (26) coincides with Equation (22), which was obtained for the asymptotic solution of problem (16) for small oscillation frequencies. In Figure 1 , Figure 4 , the dotted lines show the dispersion curves of natural oscillations found from Equation (22) . As follows from the figures, a satisfactory coincidence of dotted and continuous lines is observed in the region of small wave numbers whose upper bound exceeds unity in this case and increases with increasing viscosity of the liquid. In the short-wavelength range, there is a discrepancy due to the localization of the oscillation amplitudes near the shell. Small wave numbers correspond to the natural vibrations of long finite tubes. We now turn to an analysis of the steady-state oscillations of a shell filled with a liquid. Figures 1-9 shows the dispersion curves and waveforms for two values of the viscosity coefficient (below and above the critical value) 1) 0.0018, 2) 0.018 and the same values of the remaining parameters as in (22) . In the first case of relatively low viscosity, the results of the calculation are in good agreement with the asymptotic solutions of the Goose Equation (18) at high frequencies.
Longitudinal-Transverse Vibrations
With the boundary conditions 
The spectral problems (27) , (28), as in the case of longitudinal-transverse vibrations were solved by orthogonal shooting. To find the roots of the characteristic equation method were used Mueller.
Numerical Results
The results of numerical study of natural oscillations. Figure 10 shows the dis- ; к = −2η/3. Here and henceforth given dimensionless quantities for which the units of length and mass density are vibrations in the entire range of the wave number. When administered viscosity oscillation frequency of the first mode decreases, apparently due to the involvement of additional masses in movement of fluid in the boundary layer and in the second mode appears critical wave number restricting oscillatory motions bottom region. In [25] , who investigated the steady oscillations, noted the desire for zero phase velocity of the lowest mode with decreasing frequency. Proper motion of the shell and the viscous compressible fluid has an infinite number of modes. The paper S. Vasin et al. [26] using asymptotic methods of solving, the latter effect could not be found. Figure 11 shows the dispersion curves for the first four events with a minimum of vibration frequencies (curves 3, 4, 5, 6) in ascending order of magnitude Reω. Comparing curves 1.2 and 3.4 together, we can see that the second worse than the first few vibration modes of the shell-compressible fluid to the selected parameters are satisfactorily described by a model of an incompressible fluid in the region of wave numbers k < 1. This gives grounds for the study of the said system in the first approximation neglect the compressibility of the fluid. System elastic shell is a viscous liquid dissipations-inhomogeneous viscoelastic body at a radial coordinate. Moreover, in contrast to the earlier torsional vibrations here for an incompressible fluid, there are two, and compressible-unlimited number of vibration modes. It is interesting to find out how this system can be shown a synergistic effect. Figure 11 shows the dispersion curves (2) for the following parameters of the shell and liquid: are two features. Firstly, the effect is far from the place of approximation curves of two modes, secondly, damping factor curves do not intersect. In [27] investigated the coherence of joint oscillations of ideal compressible gas and the shell with the help of diagrams wines. As he examined the frequency of partial oscillations of gas in rigid walls and an empty shell. Returning to Figure 12 , Figure 13 we note a similar manifestation of the effect of wines in places of convergence curves 4.5 and 5.6. In these areas in Figure 14 there is a synergistic effect for the 
where w-axial movement of the shell, which is not now coincides with the axial movement of the liquid. After substitution of the solutions (22) of (23) there is a system of homogeneous linear algebraic equations in the unknown А and U 1 .
The roots of the determinant of this system are the desired Eigen values, and its decision to define the relation between А and U 1 .
For an incompressible fluid, there are two real own Bessel functions I 0 and I 1 3) For low viscosity, the frequency Rek of both modes is close to one in the low-frequency region, and at high frequencies the phase velocity C y corresponds to the tendency to speed in the dry shell. Damping coefficients grow approximately linearly, and in the second mode, this coefficient is always greater than that of the first. In the case of a higher viscosity over the entire range of variation, the frequency ω of the real part of the wave numbers Rek 2,1 ≥ Rek 2,2 , and the phase velocity C y with increasing ω tends to infinity.
